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CHIRAL HODGE COHOMOLOGY AND MATHIEU MOONSHINE
BAILIN SONG
ABSTRACT. We construct a filtration of chiral Hodge cohomolgy of a K3 surface X , such
that its associated graded object is a unitary representation of the N = 4 superconformal
vertex algebra with central charge c = 6 and its subspace of primitive vectors has the
property: its equivariant character for a finite symplectic automorphism g of X agrees
with the McKay-Thompson series for g in Mathieu moonshine.
1. INTRODUCTION
In 2010, Eguchi, Ooguri and Tachikawa [9] observed that when the elliptic genus of a
K3 surface, the Jacobi form 2φ0,1(z; τ) of weight 0 and index 1, is decomposed into a sum
of the characters of the N = 4 superconformal vertex algebra with central charge c = 6,
(1.1) 2φ0,1(z; τ) = −2chR˜1, 1
4
, 1
2
(z; τ) + 20chR˜
1, 1
4
,0
(z; τ) + 2
∞∑
n=1
Anch
R˜
1,n+ 1
4
, 1
2
(z; τ),
the first few coefficients An are the sums of the dimensions of the irreducible representa-
tions of the largest Mathieu groupM24. Let
(1.2) Σ(q) = q−
1
8 (−2 + 2
∞∑
n=1
Anq
n).
It is a mock modular form of weight 1
2
. They conjectured that there exist a graded M24-
module K =
∑∞
n=0Knq
n−1/8 with graded dimension Σ(q). It is Mathieu analogue to the
modular function J(q) in the famous monstrous moonshine[1][7][25]: the expansion co-
efficients of
J(q) =
1
q
+ 196884q + 21493760q2 + · · ·
could be naturally decomposed into the sums of the dimensions of the irreducible rep-
resentations of the largest sporadic group–the Fischer-Griess monster. Subsequently, the
McKay-Thompson seriesΣg(q) for g inM24 were proposed in several works [4][5][8][13][14]
and Terry Gannon [12] proved that these McKay-Thompson series indeed determine a
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graded M24-module K. But the proof does not explain any connection to geometry or
physics, and a concrete construction of K remains unknown. In this work, we will con-
struct a graded vector space from the chiral de Rahm algebra of the K3 surface with
graded dimension Σ(q) + 2q−
1
8 .
Chiral de Rham algebra ΩchX is a sheaf of vertex algebras on a complex manifold X
constructed by Malikov, Schectman and Vaintrob in [21][19]. The sheaf has a Z × Z≥0
grading
ΩchX =
∞⊕
k=0
⊕
p
ΩchX [k, p]
by conformal weight k and fermionic number p. And the weight zero piece of the sheaf
coincides with the ordinary de Rham sheaf. According to [17], If X is a Calabi-Yau mani-
fold, its cohomology H∗(X,ΩchX ), which is called chiral Hodge cohomology , can be iden-
tified with the infinite-volume limit of the half-twisted sigma model defined by E. Witten.
This construction has substantial applications to mirror symmetry: Borisov established
a relation between these sheaves of vertex algebras for mirror Calabi-Yau hypersurfaces
and complete intersections in toric varieties in [2].
If X is a hyperKa¨hler manifold, we will show that H i(X,ΩchX ) has a filtration {H ik(X)},
such that its associated graded object Hi(X,ΩchX ) = ⊕H ik(X)/H ik+1(X) is a unitary repre-
sentation of the N = 4 vertex algebra with central charge c = 3dimX( Theorem 3.4).
If X is a K3 surface, let A1n,2(X) be the space of the primitive vectors with conformal
weight n in the unitary representationH1(X,ΩchX ) of theN = 4 vertex algebra with central
charge c = 6 . Let
AX(q) =
∞∑
n=1
A1n,2(X)qn−
1
8 .
We will show
Theorem 1.1. The graded dimension of AX(q) is Σ(q) + 2q 18 . For a finite symplectic automor-
phism g acting on a K3 surfaceX ,
Σg(q) + 2q
− 1
8 =
∞∑
n=1
qn−
1
8 TraceA1n,2(X) g = TraceAX (q) g.
Here g is regarded as a member of M24 by Mukai’s classification of finite subgroups of symplectic
automorphisms of K3 surfaces in [16][18].
2
Soon after this article was posted online, Katrin Wendland told me that she had similar
result in [26], which was almost finished.
2. CHIRAL DE RHAM COMPLEX
The chiral de Rham algebra is a sheaf of vertex algebras ΩchX defined on any complex
manifoldX . Let (U, γ1, · · ·γN) be a complex coordinate system of anN dimensional com-
plex manifold X . Let O(U) be the space of holomorphic functions on U . As a vertex
algebra ΩchX (U) is generated by β
i(z), bi(z), ci(z), 1 ≤ i ≤ N and f(z), f ∈ O(U) with their
nontrivial OPEs
βi(z)f(w) ∼
∂f
∂γi
(z)
z − w , b
i(z)cj(w) ∼ δ
i
j
z − w
and the normally ordered relations
: f(z)g(z) : = fg(z), for f, g ∈ O(U).
Let Ωγ be the sub algebra of Ω
ch
X (U) which is generated by β
i(z), bi(z), ci(z) and γi(z), 1 ≤
i ≤ N . It is the tensor product ofN copies of the βγ−bc system. O(U) is aC[γ1(−1), · · ·γN(−1)]
module by identifying the action γi(−1) with multiplication of γ
i in O(U). ΩchX (U) can be
regarded as the localization of Ωγ on U ,
O(U)⊗C[γ1
(−1)
,···γN
(−1)
] Ωγ = O(U)⊗C Ω+γ ∼= ΩchX (U).
Here Ω+γ is the sub algebra of Ωγ generated by β
i(z), ∂γi(z), bi(z) and ci(z). The second
isomorphism maps f ⊗ a to : f(z)a :.
So ΩchX (U) is spanned by the elements
: f∂k1βi1 · · ·∂ksβis∂l1bj1 · · ·∂ltbjt∂m1cr1 · · ·∂mucru∂n1γs1 · · ·∂nvγsv :, f ∈ O(U),(2.1)
k1 ≥ k2 ≥ · · · ≥ ks ≥ 0, l1 ≥ · · · ≥ lt ≥ 0, m1 ≥ · · · ≥ mu ≥ 0, n1 ≥ · · · ≥ nv > 0.
ΩchX (U) is a free O(U) module (which is not compatible with the vertex algebra struc-
ture), which has a basis given by elements of (2.1) with f = 1.
ΩchX [k, p](U), the part of conformal weights k and fermionic numbers p of Ω
ch
X (U), is a
free O(U) module, which has a basis given by elements of (2.1) with f = 1 and
k =
∑
ki +
∑
li +
∑
mi +
∑
ni + s+ t, p = u− t.
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Let γ˜1, · · · γ˜N be another set of coordinates on U , with
(2.2) γ˜i = f i(γ1, · · · γN), γi = gi(γ˜1, · · · γ˜N).
The coordinate change equations for the generators of ΩchX (U) are
∂γ˜i(z) =:
∂f i
∂γj
(z)∂γj(z) : ,
b˜i(z) =:
∂gj
∂γ˜i
(g(γ))bj : ,
c˜i(z) =:
∂f i
∂γj
(z)cj(z) : ,(2.3)
β˜i(z) =:
∂gj
∂γ˜i
(g(γ))(z)βj(z) : + ::
∂
∂γk
(
∂gj
∂γ˜i
(g(γ)))(z)ck(z) : bj(z) : .
Filtration. Let ΩchX,l(U) be the subspace of Ω
ch
X (U), which is spanned by elements repre-
sented by(2.1) with v − s ≥ l.
· · · ⊂ ΩchX,l+1(U) ⊂ ΩchX,l(U) ⊂ ΩchX,l−1(U) ⊂ · · ·
is a filtration of ΩchX (U).
Lemma 2.1. The filtration is compatible with the grading of conformal weight and fermionic
number . And for l > k,
ΩchX [k, p](U) ∩ ΩchX,l(U) = ΩchX [k, p](U) ∩ ΩchX,k(U);
ΩchX [k, p](U) ∩ ΩchX,−l(U) = ΩchX [k, p](U) ∩ ΩchX,−k(U).
Proof. By the definition, ΩchX [k, p](U) ∩ ΩchX,l(U) is a free O(U) module, which has a basis
given by elements of (2.1) with f = 1 and
k =
∑
ki +
∑
li +
∑
mi +
∑
ni + s+ t, p = u− t, v − s ≥ l.
So
ΩchX,l(U) =
⊕
k,p
ΩchX [k, p](U) ∩ ΩchX,l(U).
We have the first statement. For a fixed k, there is no elements represented by (2.1) with
v − s > k or v − s < −k since k ≥ s and k ≥ v, so we have the second statement. 
Lemma 2.2. For any A ∈ ΩchX,k(U), A′ ∈ ΩchX,l(U), A(n)A′ ∈ ΩchX,k+l(U). For any holomorphic
function f on U , f(n)A ∈ ΩchX,k+1(U), for n 6= −1.
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Proof. We can assumeA andA′ are elements in the form of (2.1). A(n)A
′ is obtained from A
and A′ by contracting some β ′s with γ′s and some b′s with c′s and acting ∂′s on some β ′s
, γ′s ,b′s and c′s in A and A′. One ∂sγ, s > 0 contracts with one β and one β contracts with
one ∂sγ, s > 0 or a holomorphic function. Thus through the contraction, the number of
∂sγ′s, s > 0minus the number of β ′s in A and A′ will not decrease. The number of β ′swill
not change and the number of ∂sγ′s, s > 0 will not decrease by acting ∂′s on β ′s , γ′s, b′s
and c′s. So A(n)A
′ ∈ ΩchX,k+l(U). If A = f and n ≥ 0, if f(n)A 6= 0, there is some β contracts
with f , so f(n)A ∈ ΩchX,k+1(U). If n < −1, f(n)A = ( 1(−n−1)!∂−n−1f)(−1)A ∈ ΩchX,k+1(U). 
Let
gr(ΩchX )(U) =
⊕
k
grk(Ω
ch
X )(U), grk(Ω
ch
X )(U) = Ω
ch
X,k(U)/Ω
ch
X,k+1(U).
Let
pk : Ω
ch
X,k(U)→ grk(ΩchX )(U)
be the projection. By Lemma 2.2, the n-th product
(n) : grk(Ω
ch
X )(U)× grl(ΩchX )(U)→ grk+l(ΩchX )(U)
given by
pk(A)(n)pl(A
′) = pk+l(A(n)A
′).
is well defined on gr(ΩchX )(U). So gr(Ω
ch
X )(U) is a vertex algebra with the n-th product
given by the above equation. By Lemma 2.2, for any f ∈ O(U), any A ∈ gr(ΩchX )(U) and
n 6= −1, f(n)A = 0. So gr(ΩchX )(U) is a O(U)module under the −1-th product.
Let Bi = p−1(β
i),Ai = p1(∂γ
i), bi = p0(b
i), ci = p0(c
i). We have
(2.4) B(0) = 0
on gr(ΩchX )(U) since β0 maps Ω
ch
X,k(U) to Ω
ch
X,k(U). The nontrivial OPEs of these elements
are
B
i(z)Aj(w) ∼ δ
i
j
(z − w)2 , b
i(z)cj(w) ∼ δ
i
j
z − w.
LetWγ be the vertex algebra generated by these elements, then gr(Ω
ch
X )(U) = O(U)⊗CWγ .
It is easy to see that as a vertex algebra Wγ is isomorphic to Ω
+
γ by identifying B
i,Ai,bi
and ci with βi, ∂γi, bi and ci, respectively.
From Lemma 2.2 and the coordinate change equations (2.3), we have
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Lemma 2.3. The filtration {ΩchX,k(U)} is preserved under the coordination change.
Thus the vertex algebra sheaf ΩchX has a filtration {ΩchX,k}. Its associated graded object
gr(ΩchX ) =
⊕
ΩchX,k/Ω
ch
X,k+1, with Ω
ch
X,k/Ω
ch
X,k+1(U) = gr(Ω
ch
X,k)(U)
is a sheaf of vertex algebra. Under the coordinate change (2.2),
A˜
i =:
∂f i
∂γj
A
j : ,
b˜
i =:
∂gj
∂γ˜i
(g(γ))bj : ,
c˜
i =:
∂f i
∂γj
c
j : ,(2.5)
B˜
i =:
∂gj
∂γ˜i
(g(γ))Bj : .
So gr(ΩchX ) is the sheaf of the sections of holomorphic vector bundle
Vq,y =
∞⊗
n=1
(Sqn(T )⊗ Sqn(T ∗)⊗ ∧y−1qnT ⊗ ∧yqn−1T ∗) =
∑
k,p
Vq,y[k, p]y
pqk
with gr(ΩchX )[k, p], the part of conformal weight k and fermionic number p of gr(Ω
ch
X ), is
the sheaf of the holomorphic sections of Vq,y[k, p]. Vq,y is a holomorphic vector bundle of
vertex algebra and its fibre at x ∈ U is isomorphic toWγ .
Global sections. If X is a Calabi-Yau manifold, there are four global sections Q(z), L(z),
J(z) and G(z) on X , which generate an N = 2 super conformal vertex algebra with the
central charge c = 3dimX . Locally,
Q(z) =
N∑
i=1
: βi(z)ci(z) :, L(z) =
N∑
i=1
(: βi(z)∂γi(z) : − : bi(z)∂ci(z) :),(2.6)
J(z) = −
N∑
i=1
: bi(z)ci(z) :, G(z) =
N∑
i=1
: bi(z)∂γi(z) : .
If X has a nowhere vanishing holomorphic volume form ω0. Let (U, γ
1, · · · , γN) be a
coordinate system ofX such that ω0 = dγ
1 · · · dγN . There are two global sectionsD(z) and
E(z) of ΩchX , which can be constructed from ω0. Locally, D(z) and E(z) can be represented
by
D(z) =: b1(z)b2(z) · · · bN (z) :, E(z) =: c1(z)c2(z) · · · cN(z) : .
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Let B(z) = Q(z)(0)D(z), C(z) = G(z)(0)E(z). These eight sections Q, J , L, G, E, D, B, C
generate a vertex algebra V0. If N = 3, it is Odake’s algebra[22].
Let
Q¯ = p−1(Q), L¯ = p0(L), J¯ = p0(J), G¯ = p1(G),
D¯ = p0(D), E¯ = p0(E), B¯ = p−1(B), C¯ = p1(C).
These eight elements are holomorphic sections of gr(ΩchX ). They generate a vertex algebra
which is isomorphic to V0 through the isomorphism from Wγ to Ω+γ .
If X is a hyperKa¨hler manifold with a holomorphic symplectic form ω1, let ω
−1
1 be the
inverse bivector of ω1. Locally, they are given by ω1 = ωijdγ
i ∧ dγj and ω−11 = ωij ∂∂γi ∂∂γj .
Let
E1(z) =
∑
ij
ωijc
i(z)cj(z), D1(z) =
∑
ij ω
ijbi(z)bj(z);
B1(z) = Q(0)D1(z), C1 = G(z)(0)E1(z).
Q, J, L,G,E1, D1, B1, C1 are global sections of Ω
ch
X and they generate a copy of the N = 4
vertex algebra V1 of central charge c = 3dimX [15]. V0 is a sub algebra of V1.
Let
D¯1 = p0(D1), E¯1 = p0(E1), B¯1 = p−1(B1), C¯1 = p1(C1).
Q¯, J¯ , L¯, G¯, E¯1, D¯1, B¯1, C¯1 are holomorphic sections of gr(Ω
ch
X ). They generate a copy of the
N = 4 vertex algebra which is isomorphic to V1 through the isomorphism from Wγ to
Ω+γ .
3. UNITARY REPRESENTATION
Let h = (−,−)X be the Ricci flat Ka¨hler metric on a compact Calabi-Yau maniflod X
with Hij = (
∂
∂γi
, ∂
∂γj
)X .
Lemma 3.1. There is a unique Hermitian metric (−,−) on the vector bundle Vq,y, such that for
any a, b ∈ gr(ΩchX )(U),
(1, 1) = 1;
(Bi(n)a, b) = Hij(a,A
j
(−n)b), for any n ∈ Z, n 6= 0, ;(3.1)
(bi(n)a, b) = Hij(a, c
j
(−n−1)b), for any n ∈ Z.
7
Proof. For any holomorphic coordinate system (U, γ1, · · · γN) ofX , let∑j Fij ∂∂γj be a smooth
orthonormal frame of the tangent bundle on U , we have
∑
i,j FkiHijF¯lj = δkl. Let F
jk be
the inverse matrix of Fij , that is
∑
j FijF
jk = δik. Let
B˜
k = FkiB
i, b˜k = Fkib
i, A˜k = F jkAj, c˜k = F jkcj.
The equations of (3.1) are equivariant to
(1, 1) = 1;
(B˜i(n)a, b) = δij(a, A˜
j
(−n)b), for any n ∈ Z, n 6= 0, ;(3.2)
(b˜i(n)a, b) = δij(a, c˜
j
(−n−1)b), for any n ∈ Z.
Let
S = {
√
1
k1!k2! · · ·kl!X
k1
1 ·Xkll 1|X1, · · · , Xl are distinct elements of
1√−nB˜
i
(n),
1√−nA˜
i
(n), b˜
i
(n), c˜
i
(n), n < 0}.
Then S is a smooth frame of the vector bundle Vq,y on U . Let (−,−) be the Hermitian
metric for Vq,y on U , such that the S is an orthonormal frame on U , then this Hermitian
metric satisfies equation (3.2), so as equation (3.1). Since the fibre of Vq,y at x ∈ U is
generated byBi,Ai, bi, ci, by equation (3.1), if the desired Hermitian metric exist, it must
be unique. Equations (3.1) are compatible under coordinate change, so the Hermitian
metric we choose does not dependent on the coordinate system we choose. Thus we get
the unique Hermitian metric (−,−) on the vector bundle Vq,y with the desired property.

Since B(0) = 0 by (2.4), through a direct calculation, we have
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Lemma 3.2. If (−,−) is the Hermitian metric on Vq,y given by Lemma 3.1, then for any a, b ∈
gr(ΩchX )(U),
(Q¯(n)a, b) = (a, G¯(−n+1)b), (J¯(n)a, b) = (a, J¯(−n)b),
(L¯(n)a, b) = (a, (L¯(−n+2) − (n− 1)J¯(−n+1)b),
if X has a nonvanishing N form,
(D¯(n)a, b) = (a, (−1)
N(N−1)
2 E¯(N−2−n)b), (B¯(n)a, b) = (a, (−1)
(N−1)(N−2)
2 C¯(N−1−n)b),(3.3)
if X is a hyperKa¨hler manifold,
(D¯1(n)a, b) = (a, E¯1(−n)b), (B¯1(n)a, b) = (a, C¯1(1−n)b).
Let (−,−)V be the Hermitian metric on Vq,y⊗∧T¯ ∗X induced by the Ka¨hler metric onX
and the Hermitian metric on Vq,y in Lemma 3.1. So we have an Hermitian metric on the
cohomology of gr(ΩchX ) given by
(a, b) =
∫
X
(a, b)VΦ, .
Here Φ is the volume form of X and a, b ∈ H∗(X, gr(ΩchX )) are represented by harmonic
forms with values in Vq,y.
For a linear operator O on H∗(X, gr(ΩchX )), let O
∗ be its conjugate operator, the operator
satisfies
(Oa, b) = (a,O∗b), a, b ∈ H∗(X, gr(ΩchX )).
Lemma 3.3. If X is a compact Calabi-Yau manifold, the cohomology H i(X, gr(ΩchX )) of the sheaf
gr(ΩchX ) is a unitary representation of the N = 2 surper conformal vertex algebra with
Q¯∗(n) = G¯(−n+1), J¯
∗
(n) = J¯(−n),(3.4)
L¯∗(n) = L¯(−n+2) − (n− 1)J¯(−n+1).
If X has a nonvanishing holomorphic volume form,H i(X, gr(ΩchX )) is a unitary representation of
V0 with equation (3.4) and
(3.5) D¯∗(n) = (−1)
N(N−1)
2 E¯(N−2−n), B¯
∗
(n) = (−1)
(N−1)(N−2)
2 C¯(N−1−n).
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If X is a hyperKa¨hler manifold, H i(X, gr(ΩchX )) is a unitary representation of V1 with equation
(3.4) and
(3.6) D¯1
∗
(n) = E¯1(−n), B¯1
∗
(n) = C¯1(1−n).
Proof. If X is a HyperKa¨hler manifold, to show H i(X, gr(ΩchX )) is a unitary represen-
tation of V1, we only need to show equation (3.4) and (3.6) since V1 is generated by
Q¯, J¯ , L¯, G¯, E¯1, D¯1, B¯1, C¯1. It is easy to see that the n-th production of these eight elements
with any harmonic form with value in Vq,y is still harmonic. Equations (3.3) are still satis-
fied for the Hermitian metric on H∗(X, gr(ΩchX )) since they are satisfied for the Hermitian
metric on Vq,y. So we have equation (3.4) and (3.6).
The proof for other cases is similar. 
A filtration of chiral Hodge cohomology. Let
τk : Ω
ch
X,k → ΩchX
be the imbedding, which induces the morphism of their cohomology
τk∗ : H
i(X,ΩchX,k)→ H i(X,ΩchX ).
Let H ik(X) be the image of τk∗. {H ik(X)} is a filtration of H i(X,ΩchX ). Let Hi(X,ΩchX ) =⊕
kH
i
k(X)/H
i
k+1(X) be its associated graded object.
Theorem 3.4. If X is a compact Calabi-Yau manifold, H i(X,ΩchX ) has a filtration {H ik(X)},
such that Hi(X,ΩchX ) is a unitary representation of the N = 2 vertex algebra with central charge
3 dimX ; if X has a nonvanishing holomorphic volume form, Hi(X,ΩchX ) is a unitary representa-
tion of V0; if X is a hyperKa¨hler manifold, Hi(X,ΩchX ) is a unitary representation of the N = 4
vertex algebra V1 with central charge c = 3dimX .
Proof. Assume X is a hyperKa¨hler manifold.
⊕
k Ω
ch
X,k has a V1 module structure given by
Q(n)a, B1(n)a ∈ ΩchX,k−1(U);
L(n)a, J(n)a, D1(n)a, E1(n)a ∈ ΩchX,k(U); for any a ∈ ΩchX,k(U)
G(n)a, C1(n)a ∈ ΩchX,k+1(U).
The exact sequences of sheaves
0→ ΩchX,k+1 ιk−→ ΩchX,k → ΩchX,k/ΩchX,k+1 → 0
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gives an exact sequence of V1 modules
0→
⊕
k
ΩchX,k+1 →
⊕
k
ΩchX,k → gr(ΩchX )→ 0,
which induces a long exact sequence of V1 modules
(3.7) · · · →
⊕
k
H i(X,ΩchX,k+1)→
⊕
k
H i(X,ΩchX,k)→ H i(X, gr(ΩchX ))→ · · · .
We have an imbedding of V1 modules
⊕
k
H i(X,ΩchX,k)/ιk∗H
i(X,ΩchX,k+1)→ H i(X, gr(ΩchX )).
In particular,
⊕
kH
i(X,ΩchX,k)/ιk∗H
i(X,ΩchX,k+1) is a unitary representation of the vertex
algebra V1, since by Lemma 3.3,H i(X, gr(ΩchX )) is a unitary representation of V1.⊕
k Ω
ch
X has a V1 module structure, which is similar to the V1 module structure of
⊕
k Ω
ch
X,k.
Under these V1 module structure,
⊕
k
ΩchX,k →
⊕
k
ΩchX
is a morphism of V1 modules. So
⊕
k
H i(X,ΩchX,k)→
⊕
k
H ik(X)
is a morphism of V1 module. We get a morphism of V1 module
τ∗ :
⊕
k
H i(X,ΩchX,k)/ιk∗H
i(X,ΩchX,k+1)→
⊕
k
H ik(X)/H
i
k+1(X).
By the definition of H ik(X), τ∗ is surjective.
⊕
kH
i(X,ΩchX,k)/ιk∗H
i(X,ΩchX,k) is unitary rep-
resentation of V1, so
⊕
kH
i
k(X)/H
i
k+1(X) is a unitary representation of V1.
The proofs for the other two cases are similar. 
Since the filtrationΩchX,k is compatible with the grading of conformal weights and fermionic
numbers, the filtration H ik(X) is also compatible with the grading of conformal weights
and fermionic numbers. In particular,the filtration on the piece of weight zero is trivial,
we have
Hi(X,ΩchX [0, p]) = H i(X,ΩchX [0, p]).
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For the rest of the paper, we assume X is a hyperKa¨hler manilfold. By Theorem 3.4,
Hi(X,ΩchX ) is a direct sum of irreducible representation of the N = 4 vertex algebra with
central charge c = 3dimX .
Unitary representation of V1. For an irreducible unitary representationMk,h,l of theN =
4 vertex algebra V1 with central charge c = 6k, the highest weight vector v of Mk,h,l is
labeled by conformal weight h and the isospin l.
L(1)v = (h− k
4
)v, J(0)v = (2l + k)v.
There exist two types of representations in the N = 4 vertex algebra[10][11], massless
(BPS) (h = k
4
, l = 0, 1
2
, 1, · · · , k
2
) and massive (non-BPS) (h > k
4
, l = 1
2
, 1, · · · , k
2
) representa-
tions. The character of a representation V of theN = 4 vertex algebra for Ramond sectors
is defined by
chRV (z; τ) = y
−k TraceV y
J(0)qL(1),
and
chR˜V (z; τ) = ch
R
V (z +
1
2
; τ) = (−y)−k TraceV (−y)J(0)qL(1),
where q = e2piiτ , y = e2piiz. Let chR˜k,h,l(z; τ) be the character of the representationMk,h,l.
Let Aih,l(X) be the subspace ofHi(X,ΩchX ), which consist primitive vectors v with
L¯(1)v = hv; L¯(n)v = 0, n > 1;
J¯(0)v = lv; J¯(n)v = 0, n > 0;
Q¯(n)v = 0, n ≥ 0; G¯(n)v = 0, n > 1;
E¯1(n)v = 0, n ≥ −1; D¯1(n)v = 0, n > 1;
B¯1(n)v = 0, n > 1; C¯1(n)v = 0, n ≥ 0.
By Theorem 3.4,
(3.8) Hi(X,ΩchX ) = (
k⊕
l=0
Mk, k
4
, l
2
⊗Ai0,k+l(X))
⊕
(
∞⊕
n=1
k⊕
l=1
Mk,n+ k
4
, l
2
⊗Ain,k+l(X)).
Let Ain,l = A
i
n,l(X) = dimAin,l(X).
chR˜
Hi(X,Ωch
X
)(z; τ) =
k∑
l=0
Ai0,l+kch
R˜
k, k
4
, l
2
(z; τ) +
∞∑
n=1
k∑
l=1
Ain,l+kch
R˜
k,n+ k
4
, l
2
(z; τ).
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The complex elliptic genus. For a holomorphic vector bundle E on X , its Euler charac-
teristic is χ(X,E) =
∑N
i=0(−1)iH i(X,E). The complex elliptic genus of X is
EllX(z; τ) = y
− dimX
2 χ(X, V−y,q).
By [3] or by the long exact sequence (3.7), it is equal to the graded dimension of the
cohomology of the chiral de Rham algebra of X , i,e
EllX(z; τ) = y
− dimX
2
n∑
i=0
(−1)iTraceHi(X,Ωch
X
)(−y)J(0)qL(1) .
If g is an automorphism of the holomorphic vector bundle E, let
χ(g;X,E) =
N∑
i=0
(−1)iTraceHi(X,E) g.
For an automorphism g of X , by the long exact sequence (3.7), the equivariant elliptic
genus of X is
EllX,g(z; τ) = y
− dimX
2 χ(g;X, V−y,q).
It is equal to
(3.9) EllX,g(z; τ) = y
− dimX
2
N∑
i=0
(−1)iTraceHi(X,Ωch
X
) g(−y)J(0)qL(1) .
A complex automorphism g of the hyperKa¨hler manifold X is called symplectic if it pre-
serve the holomorphic symplectic 2-form ω1, i.e. g
∗ω1 = ω1. If g is symplectic automor-
phism, from the definition of the eight generators of V1, the elements of V1 are g invariant.
So g acts on Ain,l+k(X). We have
Theorem 3.5. If X is a hyperKa¨hler manifold, g is a symplectic automorphism of X ,
EllX,g(z; τ) = (−1)k
N∑
i=0
(−1)i(
k∑
l=0
chR˜
k, k
4
, l
2
(z; τ) TraceAi0,l+k(X) g(3.10)
+
∞∑
n=1
k∑
l=1
chR˜
k,n+ k
4
, l
2
(z; τ) TraceAi
n,l+k(X)
g).
In particular
EllX(z; τ) = (−1)k
N∑
i=0
(−1)i(
k∑
l=0
Ai0,l+kch
R˜
k, k
4
, l
2
(z; τ) +
∞∑
n=1
k∑
l=1
Ain,l+kch
R˜
k,n+ k
4
, l
2
(z; τ)).
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Proof. H ik is a filtration of H
i(X,ΩchX ) and it is compatible with the grading of the confor-
mal weight and fermionic number, so
TraceHi(X,Ωch
X
) g(−y)J¯(0)qL¯(1) = TraceHi(X,Ωch
X
) g(−y)J(0)qL(1) .
By equation (3.9),
EllX,g(z; τ) = y
− dimX
2
n∑
i=0
(−1)iTraceHi(X,Ωch
X
) g(−y)J¯(0)qL¯(1).
Thus by equation (3.8) and the fact that elements of V1 is g invariant, we get equation
(3.10). 
4. RELATION TO MATHIEU MOONSHINE
In this section we explain the relation between the Mathieu Moonshine and chiral
Hodge cohomologe of the K3 surfaces.
K3 surface. Let X be a K3 surface, the dimensions of its Dolbeault cohomology groups
are dimH2,2(X) = 1, dimH2,1(X) = 0 and dimH1,1(X) = 20.
In [23][24], we showed that H0(X,ΩchX ) is the simple N = 4 vertex algebra V1 with
central charge c = 6. So H0(X,ΩchX ) and H0(X,ΩchX ) are isomorphic to M1, 1
4
, 1
2
. By chiral
Poincare´ duality[20],
H0(X,ΩchX [k, p])
∼= H2(X,ΩchX [k, 2− p]).
So ⊕
p
H0(X,ΩchX [k, p])
∼=
⊕
p
H2(X,ΩchX [k, 2− p]).
SinceH2(X,ΩchX ) is amodule ofN = 4 vertex algebra with central charge c = 6,H2(X,ΩchX )
andH2(X,ΩchX ) are isomorphic toM1, 1
4
, 1
2
.
Obviously
A10,2(X) = H1(X,ΩchX [0, 2]) = H1(X,ΩchX [0, 2]) = H2,1(X) = 0,
A10,1(X) = H1(X,ΩchX [0, 1]) = H1(X,ΩchX [0, 1]) = H1,1(X).
By (3.8),
H1(X,ΩchX ) = M1, 1
4
,0 ⊗H1,1(X)
⊕
(
⊕
n≥1
M1,n+ 1
4
, 1
2
⊗A1n,2(X)).
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By Theorem 3.5, we get equation (1.1), the decomposition of the elliptic genus of K3 sur-
face,
2φ0,1(z; τ) = EllX(z; τ) = −2chR˜1, 1
4
, 1
2
(z; τ) + 20chR˜
1, 1
4
,0
(z; τ) + 2
∞∑
n=1
Anch
R˜
1,n+ 1
4
, 1
2
(z; τ).
Here An =
1
2
A1n,2(X).
Let
AX(q) =
∞∑
n=1
A1n,2(X)qn−
1
8 .
AX(q) has graded dimension Σ(q) + 2q− 18 .
SinceH2(X,ΩchX ) is isomorphic toM1, 1
4
, 1
2
, the space of the primitive vectors ofH2(X,ΩchX )
is H2(X,ΩchX [0, 2]) = H
2,2(X). If g is a symplectic automorphism of X , the primitive vec-
tors of H2(X,ΩchX ) are g invariant. So
(4.1)
EllX,g(z; τ) = −2chR˜1, 1
4
, 1
2
(z; τ)+ chR˜
1, 1
4
,0
(z; τ) TraceH1,1(X) g+
∞∑
n=1
TraceA1n,2(X) g ch
R˜
1,n+ 1
4
, l
2
(z; τ).
Proof of Theorem 1.1. The McKay-Thompson series for g inM24 are
(4.2) Σg(q) = q
− 1
8
∞∑
n=0
qnTraceKn g =
e(g)
24
Σe(q)− fg
η(q)3
,
where Σe(q) = Σ(q), e(g) is the character of the 24-dimensional permutation representa-
tion ofM24, the series fg is a certain explicit modular form of weight 2 for some subgroup
Γ0(Ng) of SL(2,Z) and η is the Dedekind eta function.
There is a deep relation between the K3 surfaces and the Mathieu group M24. Mukai
has classified the finite symplectic automorphism groups of K3 surfaces in [16][18], which
are all isomorphic to subgroups of the Mathieu group M23 of a particular type. M23 is
isomorphic to a one-point stabilizer for the permutation action of M24 on 24 elements. If
g is a symplectic automorphism of a K3 surface, we can regard g as an element of M24.
Thomas Creutzig and Gerald Ho¨hn in [6] showed that for a non-trivial finite symplectic
automorphism g acting on a K3 surface X , the equivariant elliptic genus and the twining
character determined by the McKay-Thompson series of Mathieu moonshine agree, i.e.
one has
(4.3) EllX,g(z; τ) =
e(g)
12
φ0,1 + fgφ−2,1.
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If g is a finite symplectic automorphism acting on a K3 surface X , by equation equation
(4.1), equation (4.2) and (4.3), we immediately get Theorem 1.1.
By Gannon’s theorem , AX(q) is a graded M24 module. One may ask whether it is
possible to construct a concrete action of the Mathieu groupM24 on AX(q)?
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